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1) J=n
2) k=1
- 3) while j>1 do
4)  k=k+1
5) J=n/k
]

6) fin while




Code 2

1) J=n

2) while j>1 do
3) /5
4) fin_while




for 1=1 to n

7 —— g+t

fin_for
fin_while
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Code 5

1) Procedure LF (n)
2) if n<1 then s=1
3) else X=1
) fori=2 ton do
) X=X"1 Z
) ﬁn_é;:::;2\
) y=0
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Code 6

1. function Jul91(n:int)

2. while n>1 do

3 X=1

4. y=n

5.  whilen>x2 do 7 V&' <duahaus
6 X=X+1 ]

7 y=y-X

8 fin_while

10. fin_while
11. Jul91=x+y
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Code 7

Which is the fastest?
\. 0(&9z (»))

proc busqueda_bin(S[1..n],x,pos)
inf — 1
sup < n
0 (V\ ) pos — 0
proc busqueda_sec(S[1..n],x,pos) mientras inf < sup Y pos = 0 hacer
pos — 1 mitad < | (inf+sup) / 2 |

mientras pos < n Y S[pos] < x si x = S[mitad] entonces
hacer §b pos < mitad

sup «+— mitad - 1
si no
inf — mitad + 1
fin si
fin mientras
fin proc

l:fb ;‘,w:\{-l—x‘w ecauh]

fin mientras

pos < pos + 1 § si no si x < S[mitad] entonces




Code &
Which is the fastest?
[mmw;mg (INR amg]

proc insercion(T[1..n])
desde i — 2 hasta n hacer
x «— TIi]
j—i-1
mientras j > 0Y x < T[j] hacer
T[j+1] — TI[j]
j =l
fin mientras
T[+1] — x
fin desde
fin proc

\I\//\V ’
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proc seleccion(T[1..n])
desde i — 1 hasta n-1 hacer
minj < i
minx < T[i]
desde j — i+1 hasta n hacer
si T[j] < minx entonces
minj < |
minx < T][j]
fin si
fin desde
T[minj] — TJi]
T[i] < minx
fin desde
fin proc
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Case 1
1) procedure F(a,b,c : integer):integer
2) var Xx,y,i:integer P(x)eO((a+b)?)
3) { if a+b <20 then return a+b;
4 else { @J
5) x=0
6) fori=1toydo {x=x+y}

7) while y>1 do { P(x) e
8’ =YY

9) for i=1to 3 do { y=4-F(a-2,b,c) }
10) return c*y+x

11) ]

12) } Hg site c%_ﬂ)@. ?'ns\&w,t ol ee (ol)an @x-f,—do)
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Case 2

function F(x,y)
If y>x then
c=F(2:x,y)
while y>x do
1=0
repeat
c=c+n-x-y
I=i+1
until i-x>y
X=2-X . e
fin_while M o sl to ekt
fin_if
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Case 3
function Q(a,b,n) 1°) a=b
X=1 2°) a=b
y=0
fori=1tondo {x=x-a}”~*"
while x>1 do { y=y+1 T 4. -0
e, x=x/b } ?

&
if (a=b) or (n<a) then { y=2-a-y }
else {y=a-Q(a,b,n/a)+b-Q(b,a,n/a)}
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Case 4

1
2
3

) function Jun91(n:int)
) x=1

) If n>2 then

) y=Jun91(n/2)

) while (x<n) do

) X=X+1
)

)

)
0
1

y=Yy+X
fin_while

y=R*Jun91(n/2)
10) fin_if
11) Jun91=x+y
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procedure F(fijinteger):integer
{if(hp4 then { G(n,m) € O(n*m)
j==n; k:=1; h:=0;
while j>1 do { ki=k+1; /\»‘Q:ff%m drass
[t L, F=nDIVK
tmp itz = = h +G(K,j);

U 41(4/[0[0(

| itk<dthen
™1 "h=9* F(nDIV 3) +h
}

return h
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Case 6

1) procedure P(l,m : integer):integer

2) var a,ly : integer,

3) { if I<km+1 then return 0

4) else { y:= I-m; a:=P(y/3,0);
fori:=m to | do a:= a*F(y);
while y>1 do

y:=y/3
end;

return a

)y Q(n,m) O(log )
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D*'d:;t o} e prolplecin Case 7

1) function XPromedio(var k: Integ;i1,d:Integer):Real;
2) begin
3) ki=k+1;
if d<=it+2 then
XPromedio:=1
clse
XPromedio:=XPromedio(k, 1+2 ,d)

+ XPromedm(k. n=d-Gie2)

@XPromedlo(k i+1,d); "=¢ A*2‘2
w= u-
= 10) end;
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a) G(a,b) € O(1)

Function Suerte(X Y,Z)
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Case 9: G(x,y) € O(x"y)
Function Septiembre (A:integer):integer;
Si @(ZS) Entonces Devolver (1)
En Caso Contrario

B=A;

C=0;

D=0;

Mientras (B>=1)
C=C+1;

B=A/C; => & +0d 4 cwads £-.cC 4C o d L oen 4
D=D+G(C,B);
S1(C<3) Entonces
Y { (ci z D=D+Septiembre(A/4)*3;
D=D*D;
Fin Si
Fin Mientras
Fin Si
Devolver (A*A)







Case 10
a) Enero(n) € O(1) b) Enero(n) € O(n"2)
entero Funcion Diciembre(entero X)
A=1
Si @<1)
Para I=1 hasta 10.000
A=A*]
Fin Para
Sino
A=Diciembre(X-1)*A
Para I=1 hasta X
A=T*X
Para J=1 hasta A
Z=7+Enero(J)
Fin Para
Fin Para
return (A*Diciembre(X-2))
Fin Si




Case 11

function f(x: integer) : integer;
var z,1 : integer;

begin

z:=0;
if x>2 then
begin
fori:=1to 5 do
z:=z+1* f(x-1);
z:=7+2* {(x-2);
end;
f:=z;
end;




Case 12

procedure uno(matriz[1..n],n){
para i=1 hastan {
y=matriz[1]
tres(1)
para j=n hasta 1 {
matriz[1]=matriz[j]
matriz[j]=dos(n/2, tres(n/2))

S1 n>1 uno(matriz[1..n/3], n/3)
retornar

)

dos(m,k) €O(m log m)

tres(m) € O(log m)
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Complexity of recursive algorithms I

T(n)=3T(n-1)+4T(n-2) when n>1
 T(0)=0; T(1)=1

T(n)=2T(n-1)+(n+5)3n when n>0

« T(0)=0

T(n)=a+c+ T(n-1), whenn>1

« T(1)=a+b a,b,cfromR"*

T(n) =5T(n-1)-8T(n-2)+4T(n-3), when N > 2
e T(2)=2;T(1)=1;,TO0)=0

T(n) = T(n-1)+2T(n-2)-2T(n-3), when n > 2
« T(n)=9n%-15n+106 when n =0,1,2
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Complexity of recursive algorithms 11
T(n)=2T(n-1)+(n + 5)3", when n >0
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Variable changes

0 (logtu))

+  T(n) = 4T(n/3) — 3T(n/9) +

« T(n) =n?, when n<4

T(n) = 2T(3Vn) + Ig,(n)
* T(n)=5n, when n<4

T(n) = nT?(n/2)
« T(1)=1/3
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Basic laws for computing complexities
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= True or False?

1.- n2¢0(n3) T 9.- n2eQ(n3)F

2.-n3c0(n?) ¥ 10.- n3eQ(n?) T et

3.- 20+1O(20) T 11.- 2n+leQ(n) T -« &
e 4 (n+1)1leO(n!) T 12.- (n+1)!leQ(n!) T

r 5.- f(n)eO(nN)=2Me0O(2") 13.- f(n)eQ(n)=2MeOQ(2")r

6.- 3ne0(2") 14.- 3"eQ(2")

7.- log neO(n1/2) 15.- log neQ(nl/?)

8.- n1/2e0(log n) 16.- nt/2eQ(log n)

3) 2.2"<3 "
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= Let "a” belong from R, 0O<a<l.
Order according to < and = the
Complexity Order of the following
functions:

n‘log n, n4log n, nd n*?3, (1+a)",
(n2+8n+log3 n)4, n%/log n, 2".




3 Unit 1

ALGORITHMIC COMPLEXITY
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i = ALGORITHM: A structured sequence of
instructions to do a certain job

= A precise statement to solve a problem on a
computer

= Our goal to be studied: Time Complexity of a
given algorithm.

Informally: how long does it take to be run in
a computer?

= It depends on the input data:
= How many values?
= How big are them?




= \We are interested in measuring the
efficiency of a given algorithm

= We assume efficiency as a measure of the
time (how long?) and / or space (amount
of bytes?) required by the algorithm when
running to find a solution to a given
problem.
We are concerned with the former.

= Such efficiency can order the set of
algorithms that solve a given problem. We
want the most efficient, i.e., least cost




4

1 HTIC CIHICICTICY

Quantitative value (in time units usually,
no matter whether they are real) that
computes the number of comparisons,
basic operations, function calls,... of the
time requiremnets of an algorithm.

We are concerned with “a priori”
efficiency (clocks measure the true one)

I.e: An estimation of Time Complexity
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= An algorithm’s (time) behaviour is
defined by its time complexity /
efficiency; just efficiency from now on.
(regardless constants).

= Invariance Principle for algorithms:
“Given an algorithm and a couple of
implementations of it, I1, I2 which take
T1(n), T2(n) seconds to be run, then, there

exists a constant c>0and a Natural n’ such
that for all n>n’, T1(n)<cT2(n) holds”




SlZ€ Of a propiem

i = Variable, parameter or function, over which the time
complexity of an algorithm has to be computed.

= It usually is related with the number or size of INPUT
data

= Number of elements to be ordered

= Number of rows or columns or total elements in
matrices

= The biggest value to be computed

= Always has to be the same for the algorithms we
want to analyse and therefore compare.




CUITIPICTAILY T UliCLIVIT 1

It is @ mathematical function.

A size of the problem dependant function
which measures the time complexity of the
algorithm.

We are concerned with the behaviour in the
limit, i.e. when such size of the problem
grows.

This is called Asymptotic efficiency

- bd”,{gm’gur oo n czsoez> o 00




_omplexity Function 1l

= It can depend on the INPUT data state.
= Finding a a value among an ordered or non-
ordered set”
= There are three functions:
= Best case f,(n) (fastest)
® Worst case f,(n) (slowest). Default one.

= Average case f,(n): Probabilistic issues have to be
taken into account to properly compute it.
Too expensive to compute.

~ f,(n)
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= Just interested in studying Behaviour of an

algorithm.
= Some usual complexity functions includes
(Complexity Orders) :

= 1,logn, n, n‘log n, n2, n3, 2n, 3n, ...

= We then refer it as Behaviours, that are so
Ordered/’C‘W’“L‘J“AJr goite dose

to covS')m/s"\‘

« Ord(1) < Ord(log n) < Ord(n) < Ord(n*log n) <
< Ord(n2) < Ord(2") < Ord(n*2") < Ord(3")




i | ractable Problems

= Edmonds law:
= Tractable problem : Polynomial Complexity
= Non-tractable problem: Exponential Complexity

= Algorithms which  Complexity are
greater than (n‘log n) are almost
useless => Better find a “cheaper” one.

= EXponentials are only useful as a matter
of theoretical examples.




i Behaviours: O, Q2, ®

= These asymptotic orders, summarize the
behaviour of a given algorithm.

They range over the time taken by the
algorithm when the size of the problem grows
unbounded.

= This is the key fact to be taken into account
when we want to compare the efficiency of
two algorithms solving the same problem.

= They are valid even for midsized instances




i Big O notation

= Given a function f, we want to refer those
functions that at most grows as f does. The
set of these functions is the upper bound of f,
and it is written as O(f).

= Once this value is known, we can guarantee
that always the algorithm can be run within
the time upper bounded by this value.
Formally:

= g(n)eO(f(n)) if 3 c>0, ng/ g(n) < c-f(n),¥n=n,




Graphically
Big O notation

cf(n)

g(n)




Big O notation

If the map of g is upper bounded by f then g’s
efficiency is better or equal than that of f.

Constants must be discarded regarding behaviour
Issues.

O(f(n)): Set of all the functions which are upper
bounded by f (g belongs to this set).

Example:

= P(n) =a,n™+ ...+ a;'n + a, (polynomial on “n")

= P(N) € O(N™) | ¢ wort be omy vatre b His 0w




i Properties of Big O notation

1. g(n) € O(g(n))

2. O(c'g(n)) = O(g(n)) (c is constant)
« Ex: 0O(2'n?%) = O(n?)

3. O(g(n)+h(n))= max{0(g(n)),0(h(n))}
= Ex: O(n+n?) = O(n?)

4. 0(g(n)-h(n))=max{0(g(n)),0(h(n))}
= Ex: O(n-n2) = O(n?)
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= The big O notation is used when searching
for upper bounds (should be interested in the
smallest) for the behaviour of a complexity
function in the worst case.

| NOtice: /swa//(ke"' “pper baud W\)"Ul e ‘o f{o\)\'dﬂz

« If f(n) € O(n) = f(n) € O(n?) ; f(n) € O(n3)...

« Immediate, but the least of them is always
preferable against the rest.




Exact Bound: 6 Notation

Lower Bound: Q2 Notation /




3 Unit 1

ANALYSIS OF ALGORITHMS




| 1.3: Basic computations EOs

= Basic/Atomic/Elementary Operations (EO), t<k,
take constant time (referred to INPUT size “n”):
» Basic arithmetic operations
» Asignments of basic types (loads, stores)
» Calls (to Functions, to Procedures) “return”
= Basic comparison / boolean operations
» Arrays, and other indexed types, accesing

s Each time of an EO 1s taken as “1”




= 19.-Time for basic instructions is constant.

= 20.- These times are properly “included” as they appear in
the higher level control instructions structures:

= Seguences
= Binary or n-ary conditionals (if , case)
= Iterative structures (for, while, repeat)

= Procedures or functions (sometimes
recursive) calls

= When an iterative structure includes another one (or even
more) inside, it should be computed inside - out.
Mind the indices relations!




+

= Characteristic equation
= Non homogeneus

= Variable change

= Domain change

= Initial conditions




Characteristic Equation
= T(n)->rn
= Homogeneus part (only has terms on T(n)) is divided by rmin
= if @ proper polynomial appears... GREAT!

= Otherwise, a variable change for the former equation would be required
The homogeneus part becomes a polynomial which roots has to
be computed

Non homogeneus part has to be fitted with terms bn p(n). Each
of which adds the root “b” with algebraic degree 1+degree(p)

In the worst case a Domain change would be also required to
get a proper polynomial structure (both coeficients and
exponents are required to be constant)
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Once previous process has been developed, a general
expression for the computational complexity has been obtained
and from it, the big O order is set out.

From the recursive equation a lower asymthotic order, Q, can
be computed.

If both coincide the problem is done: 9
Otherwise, the constants from that general expression has to be

determined using the initial conditions, until any of QandOis
refined to reach the other, and so 6




3 Unit 2

GREEDY / EAGER ALGORITHMS
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= Only 1n those cases where the solution can be
reached after the binary decision of including
cach eclement belonging from a set of
“candidates” into the solution.

s These binary decisions should be taken in a
greedy way, 1.e., guaranteed that each element
of the candidates set could be checked once at
most. Which wusually implies to do the
checking process according to some order




+

= Set of algorithms that make decisions
taking into account the current state of
the problem.

= Such decisions must guarantee to reach
the objective.

= Usually applied to solve optimization
problems

=« Easy to design, to implement and very
computationally efficient.




s Candidates set 1s somehow ordered, sometimes in a
static way. Exceptionally can be reordered after each
decision.

s The problem objective defines the order of candidates set.

= Sometimes an extra ordination could be required and this )

. . O*
conform the selection function. (ewey condusate daeelted. o3 27"

s The candidate has to be checked, FEASIBILITY, to be
included in the solution:

= When the answer 1s NO, the candidate is definitively
discarded

= When the answer is YES, the candidate is almost always
included 1n the solution definitively, o.w. is half-greedy

» SOLUTION function checks the END




G=<N, A> Connected non directed graph.
Every pair of nodes are connected by some path.

Each edge has a weight (or length) > 0 (avoiding the
existence of negative-length cycles).

PROBLEM: Find T, a subset of A, that guarantees the
connectivity on the set of nodes N, such that,
minimizes the sum of the lengths of the edges in T.
An n-nodes connected graph has at least n-1 edges.

= An n-nodes connected graph having more than n-
1 edges, has got at least one cycle.




+

= Kruskal Algorithm: T is an empty set and every node
conform a component, to begin.

From the length-increasingly ordered set of edges, an
edge is accepted if it connects current unconnected
components, and so became into the same component.
Until N-1 edges are accepted or only a component
remains.

= Prim Algorithm: Starting on a given node, the set of
edges is assumed length-increasingly ordered.

Every time is selected the first edge that increases the
number of connected nodes.

Until N-1 accepted edges or all the nodes are connected.




List of candidates formed by the length-increasingly ordered set of
edges

Initially:

= [=empty set

= N current unconnected components (= N nodes)

Feasibility: An edge is accepted if, and only if, it connects 2

unconnected components so far Swhich means that reduces the
number of unconnected components

= If so, the edge is included into the T set and the two unconnected components
become one.

= Otherwise the edge is discarded

Solution: T has got N-1 edges = There is only ONE connected
component

Finally only a connected component remains in T, therefore T is a
minimum spanning tree for all the nodes in G
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List of candidates formed by the edges increasingly-length
ordered

First step:

= T=empty set

= A node is taken as root of the tree A to be constructed

Feasibility: An edge is accepted in T if, and only if, it connects A
with a node currently not included in A

= If so, the edge is included into the T set and A is enriched with the new node
provided by this edge

= Otherwise the edge is discarded

Selection: The first edge in the list of candidates, having any
node in A is chosen

Solution: T has got N-1 edges = A has got N edges (as G has)




=<N, A> Directed graph with non-negative length arcs

From a given node all the rest must be accessible, i.e., must
be connected through some path

PROBLEM: Finding the shortest path (the path that the sum of
aAI its constituent edges is minimized) from a given node to all
the rest.

Dijkstra alﬂorithm: Candidates are arcs (increasingly length
ordered) the first having the origin in A Is selecte

= If the target node is not in the current graph, it is included in it (together with
its cost to be reached from the root node) and the graph is refreshed

« If the target node is already in the current graph, the arc is included only when
this new cost of the target node is better that the already existing reachability
cost, the previous arc providing reachability is discarded. Otherwise the arc
under consideration is discarded

The algorithm ends when all the arcs have been checked

It is a half-greedy algorithm




GREEDY ALGORITHMS:
SOME PROBLEMS
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Supermarket cashier |

™~

Implement an algorithm that solves the

problem of change by means of the
maximum number of coins:

( V\uww\

Non-limited # of coins available
Only some coins available
Random values for currency system
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Supermarket cashier Il

™~

Implement an algorithm that solves the

problem of change by means of the
minimum number of coins:

Non-limited coins available within the
european currency system.
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Memory storage optimization

Given a set of n files of sizes s., s, ..., S
and an external storage device with
capacity d (d <=s, + ... + s ). Provide an
algorithm that maximizes the number of
files to be moved to the storage device,

until the device comes full (files cannot
be divided).

o /

n,
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Knapsack / Rucksack problem

Given a set of items, each with a mass and a
value, determine the number of each item to
be included in a collection so that the total
weight is less than or equal to a given limit
and the total value is as large as possible

These items can be proportionally divided as
required.

o /
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GREEDY ALGORITHMS:
SOME PROBLEMS
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Array |

Design an algorithm to choose the
maximum number of pairs such that their
sum is possitive, from an increasingly
ordered array of whole numbers.

Each element from the array can
contribute at most to one of the pairs.

/
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Array 1l

Design an algorithm to choose the
maximum number of pairs such that their
product is possitive, from an increasingly
ordered array of whole numbers.

Each element from the array can
contribute at most to one of the pairs.

/
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Array Il

Design an algorithm to choose the
maximum number of pairs such that their
product is negative, from an increasingly
ordered array of whole numbers.

Each element from the array can
contribute at most to one of the pairs.

/
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Array IV

Design an algorithm to choose the
maximum number of pairs such that their
product is zero, from an increasingly
ordered array of whole numbers.

Each element from the array can
contribute at most to one of the pairs.

/
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Closest average subsets

Given a set D of N numbers and K sets (N >
K), design an algorithm to distribute the
elements of D into the K sets, such that, the
average value of these K sets are as close as
possible. The seeking sets S, 1< i < k must be
non-empty, i.e., they are required to provide a
disjoint cover of D. NP
L | ko /’ﬂ**
Minimize the value: Z(s): Z‘“f .y
i=l

o /
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Courses registration

A company offers a range of courses for its employees.

Each course only can be completed within a given set of
days that are not required to be sequential.

Every employee has at his disposal an interval of days in
order to complete his formation.

Each employee has already chosen a set of courses, but
not always is possible for each employee to complete the
courses has already registered.

Design an algorithm to check this last scenario.

o /
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3 Unit 3

DYNAMIC PROGRAMMING




4

= Some cases where the solution can be reached
just deciding the inclusion of elements from
the set of candidates, can’t be done 1n a serial
form without looking forward to the next
possible scenarios as concecuences of this one.

= This 1s mainly because the feasibility function
grows when trying to take into account all the
possible future evolutions, so getting into a
complexity bigger than constant




4

s The set of candidates 1s sorted in a range of
ordered subsets (conforming stages) such that
each of them 1s strictly included in the next,
and strictly includes the previous, as follows:

s The first 1s the empty set.

= Each differs from the previous and from the
next in just a single element (candidate).

= The last conforms the whole set of candidates.




4

s Dynamic Programming algorithms decide the
inclusion of candidates, in the order determined by
the stages, for any input value (column).

= Such sequence of including decisions follows the
Bellman’s Optimality Principle:

= Each row/stage assumes the previous one as
correct/optimal

= The inclusion of the new candidate of the present
subset (row or stage) 1s taken according to the
function to be optimized.




4

= A problem is said to satisfy the Bellman’s Principle
of Optimality 1f the subsolutions of an optimal
solution are themselves optimal solutions for their
subproblems.

= A problem 1s considered as fully solved when the
set of accepted candidates (solution) can be
1dentified from the value of the solution provided by
the algorithm (usually in a cell of the last row).




+

Define a mathematical notation that can express the
solution and subsolutions of the problem, usually the
value to be optimized.

Develop a recurrence relation that relates a solution
to 1ts subsolutions, according to the mathematical
notation previously defined.

Find out the value of the function to be optimized in
the immediate cases that fits with such recurrence

Explain how from the values of the last stage, the
solution set can be found




Floyd’s Algorithm: All-Pairs
i Shortest Path Problem

= [t computes the shortest paths between every ordered pair of
nodes 1n a negative-length cycles free, weighted directed
graph.

= The set of candidates 1s formed of tentative intermediate nodes
to be included 1n the optimum paths.

s Optimality: “Node i 1s included in the optimum path j->k 1f
and only 1f (j->i + i->k) i1s less than j->k before had
considered node i as possible node to pass through”
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DYNAMIC PROGRAMMING
ALGORITHMS: SOME PROBLEMS
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Supermarket cashier

™

Implement an algorithm that solves the
problem of change by means of the
minimum number of coins:

Random values for currency system




M(\')dx s winwonn B corus d’fouu st v b u(c* o N-‘vw o‘(‘ "Q"'

i'—’:o\

M(\'/é.) = m(i-1 /‘\ (\)W((¥\ >d)

cULEN K\ oo in

Min{M(ia\ ©+M(@Ka-\mﬂu(4 o.Ww-

o> wcdduda

¥ Ae W\OL\AUQC@(\AS a«& volue D{ oo U«:u MgrU\W‘

% ol 4 [2|3|Q [S|6|+]|8]1
il o4 |2 3Gl gl?23 4 1, 2,5 s
wet @ ATV Y D224 4 s
ael |04 |47 20215 2|53
jassi| g | 1 |2 2%’71"2/‘2/@“@-"‘&”:

!

MCDM@B\)O-QAJO.NS



4 N

Memory storage optimization

Given a set of n files of sizes s., s, ..., S
and an external storage device with
capacityd (d <=s,+ ... +s.).

Provide two algorithms that minimize:

The number of files to be moved to the storage
device

The amount of non-used space in the storage
device

... until the device comes full (files cannot be

\ divided). /

n,
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Minimizing translating costs

In a company that offers translating services, every
pair of languages belonging from a set of 10 can be
translated into the other.

This company rents dictionaries at different prices for
every ordered pair of languages.

Implement an algorithm that computes the minimum
renting dictionaries cost to develop any possible
translation.

o J




4 N

Knapsack / Rucksack problem 0/1

Given a set of items, each with a mass and a
value, determine the number of each item to
be included in a collection so that the total
weight is less than or equal to a given limit
and the total value is as large as possible

These items can’t be divided.

o /




4 B

Pairs of files to be stored

Given an even number of files, n.

hey are named holding that files f1 & 2
weigh k1 Megas each; Files f3 & 4 weigh
k2 Megas each,...).

Provide an algorithm that minimize the

amount of non-used space in the storage
device when it comes full (files cannot be

Kdivided). J




DYNAMIC PROGRAMMING
ALGORITHMS: A PROBLEM WITH
NON-BINARY INCLUSION
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Optimal Investment

™~

Given a quantity of money that can be invested in a
range of banks in order to maximize the benefits.

It is asked an algorithm to develop such
investments. As an example, below can be found a
table relating the amount invested in each bank, to
the benefit provided.

/ihm.)ﬂ U\Mﬂ: 9 obTenere .:zm#
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3 Unit 4

Backtracking Algorithms




i Why should it be used?

s Motivation:
= The last option

= Although 1t 1s not the only option, other
algorithm designs are extremely complex to
be described or extremely expensive from
the computational point of view.




-*11 the possible options has to be checked until the
solution 1s found.

s It 1s equivalent to build a searching tree to be
explored according to a depth-first policy.
Actually, a one-dimensional tuple will be used to
seek for the solution.

= When the branch 1s identified as fruitless, it 1s
pruned = DEAD NODE




Solution 1s encoded as a one-dimensional
tuple/array

Potentially all the tuple values must be checked, 1,
¢, 1t 1s an exhaustive searching process.

It 1s required to identify every type of node:
1. Dead Node
». Live Node
3. Solution Node




BACKTRACKING
ALGORITHMS: SOME
PROBLEMS
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™~

Colored Graphs

Given a non-directed graph G, we look for an algorithm
to associate a color to each node such that every pair
of adjacent nodes have different colors.

Every political map corresponds with a plain® non-
directed graph (country~vertex, border~edge). It can
be coloured using at most four colors.

*A plain graph can be drawn en 2D without crossing
edges.

/




- Bllwows dop~  nod  hald
- No  ardivatiou % candi dates

=> Back tocking - deoivg ol
QO%S{B'CL @@‘HCD—U\S %

- o dvmeugi ongd a/mué

*C?C[i]::a‘ WLLoun &
{-node toker ca,eora

DATA : 4 Alweusionol ara 'y C: C(+ ) == ) Wweonms A-nocke Hale~
C@ch‘f 0

N
>L1 _—_— >

)
extavsTIVTY : () =>4 —> 2 —> 3
\ stode v whoch o have ot decided So Fat Hi. alour

ook for  amothar FQ’HA /fosibfc sabu-h e xn
(bock oui,wua\

(1,% %,%,%)
4 | N (L,4,0,0, 0) das) weds
ol 3 n -no ‘ass{bfﬂ(‘-\d .;é ae,'#ma a salshou -

CRHAVSTIVITY

(0, 0;0/ 0»0) eJ\)Q VOdQ

- (hoease A toQue Oé o~ poasition  whaw \QOu O (M
ool oo e e w\LUHu.A e 2ents chowm 18 &w&dsz

(+.D6,0,0) (1490,0,0) (4.6,0.0,0)



(4.2 0,0) |
i /
/ /(&,2,4,5/9 /

(2,24, 0 )

NODES: ol  Lse

Ao d et (k20 -3 ket ) (C[kY ~= ([«] &%
b. . ATi, k) == 4)
sslohon (== «) £ (iye- Nope




/

A partition in two subsets of
equal sum

™

Given a set of n integers, we wonder if it
can be found a partition of it into 2
subsets which sum the same.




/

All the subsets of sum S

™

Given a set of n integer numbers, it is
asked to design an algorithm that
identifies all its subsets which sum
equals S.




/

Chessboard

™

How to locate n queens which don't
threaten each other

low to fully traverse it by a horse in nxn

jumps

_aberinth*

/
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Sudoku

The objective is to fill a 9%9 grid with digits so that each
column, each row, and each of the nine 3x3 sub-grids
that compose the grid (also called "boxes", "blocks",
"regions”, or "sub-squares") contains all of the digits from
1 to 9. The puzzle setter provides a partially completed
grid, which for a well-posed puzzle has a unique solution.

Design an algorithm to solve them. o1 L

6 119|565
9|8 6

2 6

al1|9 5
8 7|9
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Sequential Registered Courses

A company offers a range of courses for its employees.

Each course only can be completed within a given set of
sequential days

Every employee has at his disposal an interval of days in
order to complete his formation.

Each employee has already chosen a set of courses, but
not always is possible for each employee to complete the
courses has already registered.

Design an algorithm to check this last scenario.

] /
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